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Continuum model for relaxed twisted bilayer graphenes and moire´ electron-phonon
interaction
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We construct an analytic continuum model to describe the electronic structure and the electron-
phonon interaction in twisted bilayer graphenes with arbitrary lattice deformation. Starting from
the tight-binding model, we derive the interlayer Hamiltonian in the presence of general lattice dis-
placement, and obtain a long-wavelength continuum expression for smooth deformation. We show
that the continuum model correctly describes the band structures of the lattice-relaxed twisted
bilayer graphenes. We apply the formula to the phonon vibration, and derive an explicit expres-
sion of the electron-phonon matrix elements between the moire´ band states and the moire´ phonon
modes. By numerical calculation, we find that the electron-phonon coupling and phonon mediated
electron-electron interaction are significantly enhanced in low twist angles due to the superlattice
hybridization.
I. INTRODUCTION
Twisted bilayer graphene (TBG) is a rotationaly-
stacked graphene bilayer system governed by a nanoscale
moire´ interference pattern between the mismatched
layers.1–11 The physical properties of TBG are sensitive
to lattice distortion, because a slight change in the atomic
lattice is magnified to a big deformation in the moire´ pat-
tern, resulting in a significant influence on the electronic
system. The actual atomic configuration of the real TBG
is not a simple stack of rigid graphene layers, but it con-
tains a triangular AB/BA-stacking domain structure as a
consequence of spontaneous lattice relaxation.12–24. Such
a structural deformation strongly affects the electronic
band structure.20,22–26,
The moire´ pattern plays an important role also in the
lattice vibration. While the wide-range phonon spec-
trum of TBG resembles that of regular AB-stacked bi-
layer graphene27–30, the detailed phonon structure is ac-
tually subject to a significant influence from the moire´
effect.31,32 In the low-energy acoustic branch, in par-
ticular, the phonon spectrum is reconstructed into su-
perlattice minibands ruled by the moire´ period, where
the eigen phonon modes can be regarded as effective
vibration modes of the triangular domain structure.32
These moire´ phonon modes are expected to strongly in-
teract with the flat band electronic states and affect the
correlated phenomena.33–35 The electron-phonon inter-
action in TBG is theoretically studied by considering
bare phonons without superlattice modulation29,30,36–38,
while the effect of the reconstructed moire´ phonon modes
is not well understood.
The purpose of this work is to develop a general contin-
uum model for TBG with arbitrary lattice deformation,
including lattice relaxation and phonon vibrations. The
electronic properties of TBGs have been mostly studied
by the continuum model,1,6,7,9,39–42 which can efficiently
describe the band structure by capturing the long-wave
components. However, the continuum model was origi-
nally derived for rigid TBGs, and the extension to de-
formed TBGs is necessary to study the above issues. In-
clusion of the relaxation effect in the continuum model
has been considered in very recent works.24,25,43–47
In this paper, we construct an analytic continuum
Hamiltonian for TBGs under arbitrary lattice deforma-
tion. Starting from the tight-binding model, we derive
the interlayer Hamiltonian matrix as an analytic func-
tion of lattice displacement vectors. We then apply
the continuum model to the relaxed TBGs with domain
structure20, and demonstrate the energy band of the orig-
inal tight-binding model is correctly reproduced. Lastly
we apply the formula to the phonon vibration, and ob-
tain the electron-phonon matrix elements for the moire´
phonon modes in relaxed TBGs.
The paper is organized as follows. In Sec. II, we present
a general theoretical treatment to describe the electronic
coupling between deformed graphene layers, and write
down the interlayer matrix elements for arbitrary lat-
tice displacement [Eq. (10)]. We then obtain its long-
wavelength expression in a simple form [Eq. (22)], which
is valid for small twist angles and smooth deformation. In
Sec. III, we apply the continuum Hamiltonian to relaxed
TBGs and calculate the band structure. In Sec. IV, we
derive the quantized Hamiltonian for the lattice vibration
of the relaxed TBG, and then obtain the explicit formula
for the matrix elements between the electrons and the
quantized moire´ phonons.
II. CONTINUUM HAMILTONIAN OF TBG
WITH LATTICE DEFORMATION
A. Lattice geometry
Let us consider a TBG with twist angle θ, and define its
non-distorted structure by bilayer of intrinsic monolayer
graphenes stacked with the graphite’s interlayer spacing
d0 = 0.335nm and in-plane rotation by ∓θ/2 for layer 1
and 2, respectively. We take x, y axes on the graphene
layer, and z axis perpendicular to it. The primitive lat-
2tice vectors of layer 1 is defined by a
(1)
i = R(−θ/2)ai
and those of layer 2 by a
(2)
i = R(θ/2)ai (i = 1, 2), where
a1 = a(1, 0) and a2 = a(1/2,
√
3/2) are the lattice vec-
tors before the rotation, a ≈ 0.246 nm is the graphene’s
lattice constant, and R is the rotation matrix. The unit
cell area of monolayer graphene is given by S0 = |a1×a2|.
The primitive reciprocal lattice vectors of layer l are
a
∗(l)
i = R(∓θ/2)a∗i , where a∗1 = (2π/a)(1,−1/
√
3) and
a∗2 = (2π/a)(0, 2/
√
3) are those for non-rotated graphene.
Each graphene layer contains two sublattices labeled
by X = A,B in its own unit cell. In the absence of the
lattice distortion, the positions of sublattice X on layer
l are given by
R
(l)
X = m1a
(l)
1 +m2a
(l)
2 + τ
(l)
X (1)
Here m1 and m2 are integers, and τ
(l)
X is the relative
sublattice position inside the unit cell, which are given by
τ
(1)
A = 0, τ
(1)
B = (a
(1)
1 − 2a(1)2 )/3, τ (2)A = d0 ez and τ (2)B =
(a
(2)
1 − 2a(2)2 )/3 + d0 ez. Here ez is the unit vector in z
direction, and d0 is the interlayer spacing in the absence
of distortion, which is set to the interlayer distance of
graphite, 0.334nm.
In a small angle TBG, a slight mismatch of the lattice
periods gives rise to a moire´ interference pattern. The
reciprocal lattice vectors for the moire´ pattern is given
by GMi = a
∗(1)
i − a∗(2)i (i = 1, 2). The real-space lat-
tice vectors LMj can be obtained from G
M
i · LMj = 2πδij .
The moire´ lattice constant LM = |LMi | is given by LM =
a/[2 sin(θ/2)]. Figure 1(a) shows the folding of the Bril-
louin zone, where two large hexagons represent the first
Brillouin zones of layer 1 and 2, and the small hexagon
is the moire´ Brillouin zone of TBG. The graphene’s
Dirac points (the band touching points) are located at
K
(l)
ξ = R(∓θ/2)Kξ with ∓ for layer 1 and 2, respec-
tively, where Kξ = −ξ[2a∗1+a∗2]/3 = −ξ(2π/a)(2/3, 0) is
the Dirac points before rotation and ξ = ±1 is the val-
ley index. In a small twist angle, K
(1)
ξ and K
(2)
ξ of the
same valley ξ are displaced only by a short distance of
the order of GMi .
B. Interlayer Hamiltonian under general lattice
distortion
Here we derive the general formula, Eq. (10), which
describes the interlayer coupling between the Bloch states
in TBG in the presence of arbitrary lattice distortion.
We define u
(l)
X (R) as displacement vector of an atomic
site of sublattice X on layer l, which is originally located
R(∈ R(l)X ). The u(l)X can be a three-dimensional vector
in general. We expand the displacement vector in the
Fourier series as
u
(l)
X (R) =
∑
q
u
(l)
X,qe
iq·R, (2)
k
k’
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FIG. 1. (a) Brillouin zone folding in TBG with θ = 9.43◦.
Two large hexagons represent the first Brillouin zones of
graphene layer 1 and 2, and the small hexagon is the moire´
Brillouin zone of TBG. (b) Schematic diagram to illustrate
the interlayer coupling from an initial k of layer 1(taken as
K
(1)
+ ) to three k
′ points of layer 2 in a non-distorted TBG
(see the text).
where the summation in q is taken over two-dimensional
wave numbers.
Let |R〉 be a carbon pz orbital at site R. We define
the Bloch bases under the lattice distortion as
|k, X, l〉 ≡ 1√
N
∑
R∈R
(l)
X
eik·R|R+ u(l)X (R)〉 (3)
where k is a two-dimensional Bloch wave vector, and
N = S/S0 is the number of graphene’s unit cells per layer
in the total system area S. We assume the interlayer
hopping from |R(1)〉 to |R(2)〉 is given by
〈R(2)|U |R(1)〉 = −T (R(2) −R(1)), (4)
and define the three-dimensional Fourier transform as
t(p) =
1
S0d0
∫
d3r T (r)e−ip·r, (5)
where p = (px, py, pz) is a three dimensional wave vector.
3In the actual band calculation in Sec. III, we will use
the standard Slater-Koster form for T (R),
−T (R) = Vpppi
[
1−
(
R · ez
R
)2]
+ Vppσ
(
R · ez
R
)2
,
Vpppi = V
0
pppie
−(R−a0)/r0 , Vppσ = V
0
ppσe
−(R−d0)/r0 . (6)
Here ez is the unit vector perpendicular to the graphene
plane, a0 = a/
√
3 ≈ 0.142 nm is the distance of neighbor-
ing A and B sites, and the parameter V 0pppi ≈ −2.7 eV is
the transfer integral between the nearest-neighbor atoms
on graphene, and V 0ppσ ≈ 0.48 eV is the transfer integral
between vertically located atoms on the neighboring lay-
ers of graphite, r0 = 0.184a is the decay length of the
transfer integral.39
The interlayer matrix element between the Bloch bases
is written as
〈k′, X ′, 2|U |k, X, 1〉
= − 1
N
∑
R∈R
(1)
X
∑
R′∈R
(2)
X′
eik·R−ik
′·R′
× T [R′ + u(2)X′ (R′)−R− u(1)X (R)]
= − 1
N
S0d0
(2π)3
∫
d3p t(p)
∑
R∈R
(1)
X
ei(k−p)·R−ip·u
(1)
X
(R)
×
∑
R′∈R
(2)
X′
e−i(k
′−p)·R′+ip·u
(2)
X′
(R′). (7)
We replace u
(1)
X (R) and u
(2)
X′ (R
′) with its Fourier trans-
form in Eq. (2), and expand the exponential functions
such as exp(ip · uqeiq·R) in a Taylor series as
exp(ip · uq eiq·R) =
∞∑
n=0
1
n!
(ip · uq)neinq·R. (8)
Then we can take the summation over the lattice points
by using
∑
R∈R
(l)
X
eip·R = N
∑
g
ei(g+pzez)·τ
(l)
X δp‖,g, (9)
where p‖ is xy-component of p, and the summation in
g is taken over all the reciprocal lattice vectors g =
m1a
∗(l)
1 +m2a
∗(l)
2 .
Using these, we obtain a formula
〈k′, X ′, 2|U |k, X, 1〉
=
∑
g,g′
∑
n1,n2,···
∑
n′1,n
′
2,···
Γ
(n′1,n
′
2,··· )
(n1,n2,··· )
(Q) e−ig·τ
(1)
X
+ig′·τ
(2)
X′
× δk+g+n1q1+n2q2+··· ,k′+g′−n′1q1−n′2q2+···, (10)
where g = m1a
∗(1)
1 +m2a
∗(1)
2 and g
′ = m′1a
∗(2)
1 +m
′
2a
∗(2)
2 ,
ni, n
′
i = 0, 1, 2, · · · , Q = k+ g + n1q1 + n2q2 + · · · , and
Γ
(n′1,n
′
2,··· )
(n1,n2,··· )
(Q) = − d0
2π
∫ ∞
−∞
dpzt(Q
′)eipzd0
× [−iQ
′ · u(1)X,q1 ]n1
n1!
[−iQ′ · u(1)X,q2 ]n2
n2!
· · ·
× [+iQ
′ · u(2)X′,q1 ]n
′
1
n′1!
[+iQ′ · u(2)X′,q2 ]n
′
2
n′2!
· · · , (11)
with Q′ = Q + pzez. Here {q1,q2, · · · } is a set of the
two-dimensional wave numbers in which u
(l)
X,q has finite
Fourier amplitudes. Eq. (10) simply means that the
Bloch states of the layer 1 and layer 2 are coupled when
k+ g+ n1q1 + n2q2 + · · ·
= k′ + g′ − n′1q1 − n′2q2 + · · · (= Q), (12)
and its coupling amplitude is given by Γ
(n′1,n
′
2,··· )
(n1,n2,··· )
(Q).
The higher order terms in ni and n
′
i in Eq. (11) quickly
decay as long as |Q′ · u(l)X,qj | is sufficiently small, and it
is the case in TBGs considered below.
When the displacement vector is along in-plane direc-
tion (i.e., u
(l)
z = 0), in particular, Eq. (11) is reduced
to
Γ
(n′1,n
′
2,··· )
(n1,n2,··· )
(Q) = −t‖(Q; d0)
× [−iQ · u
(1)
X,q1
]n1
n1!
[−iQ · u(1)X,q2 ]n2
n2!
· · ·
× [+iQ · u
(2)
X′,q1
]n
′
1
n′1!
[+iQ · u(2)X′,q2 ]n
′
2
n′2!
· · · , (13)
where
t‖(Q; z) =
d0
2π
∫ ∞
−∞
dpz t(Q+ pzez)e
ipzz
=
1
S0
∫
d2r T (r+ zez)e
−iQ·r, (14)
is the two-dimensional Fourier transform of T (r) on a
plane parallel to xy at fixed height z.
In the absence of the displacement (i.e., u
(l)
X = 0), the
terms in the Taylor series remain only when nj = n
′
j = 0,
and Eq. (10) becomes
〈k′, X ′, 2|U |k, X, 1〉
= −
∑
g,g′
t‖(k+ g; d0) e
−ig·τ
(1)
X
+ig′·τ
(2)
X′ δk+g,k′+g′ , (15)
which is the interlayer Hamiltonian of non-distorted TBG
in the earlier works.6,40
C. Continuum Hamiltonian for small twist angles
Eq. (10) is the general formula which works for any
twist angles with arbitrary displacement vectors. Here
4we will derive a long-range approximate form, Eq. (22),
which is valid for small twist angles and long-range dis-
placement. In the following, we assume that the moire´
period much greater than the atomic scale, and also that
u
(l)
A (r) = u
(l)
B (r) = u
(l)(r), where u(l) is a smoothly vary-
ing function compared to the atomic scale.
We first consider the non-distorted case, u(l) = 0.
In Eq. (15), the Bloch states at k (layer 1) and k′
(layer 2) are mixed when k + g = k′ + g′, and then
the coupling amplitude is given by t‖(k + g; d0). Here
only a few terms are relevant in the summation over g
and g′, because the function t‖(k + g; d0) quickly de-
cays for large |k + g|. When we start from k ≈ Kξ
to consider a low-energy state near the Fermi energy,
the dominant coupling occurs in three cases (g,g′) =
(0,0), ξ(a
∗(1)
1 , a
∗(2)
1 ), ξ(a
∗(1)
1 +a
∗(1)
2 , a
∗(2)
1 +a
∗(2)
2 ). Figure
1(b) shows the positions of k, k′ and k+ g for an initial
vector k = K
(1)
+ . The corresponding k + g is close to
three equivalent corner points of the first Brillouin zone
of non-rotated graphene,
Q1 = Kξ, Q2 = Kξ + ξa
∗
1, Q3 = Kξ + ξ(a
∗
1 + a
∗
2).
(16)
By neglecting a small shift, we can replace k+g with Qj
in t‖(k + g; d0) of Eq. (15). This gives the widely-used
continuum model for the non-distorted TBG.6
The same approximation can be used in the presence of
a long-range lattice distortion u(l). When q’s in u
(l)
q are
much shorter than 1/a (i.e., u(l)(r) is smoothly varying
compared to a), we can neglect a small shift n1q1+n2q2+
· · · in Q in the coupling amplitude Γ(n′1,n′2,··· )(n1,n2,··· )(Q). Then
we can replace Q with the above three Qj’s in Eq. (10)
to obtain,
〈k′, X ′, 2|U |k, X, 1〉
=
3∑
j=1
∑
n1,n2,···
∑
n′1,n
′
2,···
Γ
(n′1,n
′
2,··· )
(n1,n2,··· )
(Qj)M
j
X′X
× δk′,k+δkj+(n1+n′1)q1+(n2+n′2)q2+···, (17)
where δkj(= g − g′) is given by
δk1 = 0, δk2 = ξG
M
1 , δk2 = ξ(G
M
1 +G
M
2 ), (18)
and M jX′X(= e
−ig·τ
(1)
X
+ig′·τ
(2)
X′ ) is
M1 =
(
1 1
1 1
)
,M2 =
(
1 ω−ξ
ωξ 1
)
, M3 =
(
1 ωξ
ω−ξ 1
)
,
(19)
where ω = e2pii/3 and M j stands for
M j =
(
M jAA M
j
AB
M jBA M
j
BB
)
. (20)
In the real space representation, Eq. (17) is simply ex-
pressed as
〈k′, X ′, 2|U |k, X, 1〉 = 1
S
∫
d2rei(k−k
′)·rUX′X(r), (21)
where
UX′X(r) =−
3∑
j=1
M jX′X t‖[Qj ; d0 + u
−
z (r)]
× exp[iQj · u−(r) + iδkj · r]. (22)
where u− = u(2) − u(1) is the interlayer asymmetric dis-
placement vector between the two layers. From Eq. (17)
to Eq. (22), we used δk′,k+q = (1/S)
∫
d2r ei(k+q−k
′), and
applied Eq. (8) inversely, and finally used Eq. (14) for the
integral in pz. Note that the interlayer Hamiltonian ma-
trix of U only depends on the asymmetric displacement
u−, but not on the symmetric part u+ = u(2) + u(1).
In in-plane distortion (i.e., u
(l)
z = 0), particularly, Eq.
(22) becomes
UX′X(r) = t0
3∑
j=1
M jX′X exp[iQj · u−(r) + iδkj · r],
(23)
where t0 = −t‖[Qj; d0]. Note that t0 is independent of
j because |Q1| = |Q2| = |Q3| = 4π/(3a), and t‖(q; d0)
is circularly symmetric. In the present hopping model of
Eq. (6), we have t0 = 0.104 eV.
The total continuum Hamiltonian of TBG for the val-
ley ξ can be written in a 4 × 4 matrix for the basis of
(A1, B1, A2, B2) as
H =
(
H1 U
†
U H2
)
. (24)
Here U is given by Eq. (22). The Hl (l = 1, 2) is the
intralayer Hamiltonian of layer l, which is given by the
two-dimensional Weyl equation centered at K
(l)
ξ point,
Hl(k) = −~v
[
R(±θ/2)
(
k+
e
~
A(l) −K(l)ξ
)]
· (ξσx, σy),
(25)
where ± is for l = 1 and 2, respectively, v is the
graphene’s band velocity, and σx, σy are the Pauli matri-
ces in the sublattice space (A,B). We take ~v/a = 2.1354
eV.39 The A(l) is the pseudo-vector potential induced by
the lattice strain, which given by48–50
A(l)x = ξ
3
4
βγ0
ev
[u(l)xx − u(l)yy ],
A(l)y = ξ
3
4
βγ0
ev
[−2u(l)xy]. (26)
where u
(l)
ij = (∂iu
(l)
j + ∂ju
(l)
i )/2 is strain tensor, γ0 =
|V 0pppi | is the nearest neighbor transfer energy of intrinsic
graphene, and
β = −d lnT (r)
d ln r
∣∣∣
r=a0
, (27)
5where r is on the xy-plane. In the present model Eq. (6),
we have β = a0/r0 ≈ 3.14. In the Fourier representation,
Eq. (26) becomes
A(l) = ξ
3
4
βγ0
ev
∑
q
Wˆqu
(l)
q e
iq·r, (28)
where
Wˆq =
(
iqx −iqy
−iqy −iqx
)
. (29)
III. BAND STRUCTURE OF THE RELAXED
TBG
Using the formula obtained above, we calculate the
band structure of relaxed TBGs with the AB-BA domain
wall formation. For the displacement vector, we use our
previous calculation method20,32 which considers only in-
plane components, as the simplest approximation to de-
scribe the domain formation. Here u−(r) is assumed to
have the same periodicity as the original moire´ pattern,
or
u−(r) =
∑
G
u−Ge
iG·r, (30)
where G = mGM1 + nG
M
2 are moire´ reciprocal vectors.
Figure 2(a) shows the k-space map of the Fourier
components iu−G at θ = 0.817
◦, where the triangular
grid presents the moire´ reciprocal lattice points and the
length of the arrows is proportional to |u−G|. The u−
has six-fold rotational symmetry as assumed in the cal-
culation, and its direction spirals around the origin. Fig-
ure 2(b) is a logarithmic plot of the absolute value |u−G|
as a function of the twist angle, where the numbers
specify the different G vectors indicated in Fig. 2(a).
In twist angles larger than 1◦, the dominant contribu-
tion mostly comes from the shortest G (indicated by
“1”). The higher harmonics becomes gradually rele-
vant in θ < 1◦, where we see that the components at
arctan(Gy/Gx) = 0
◦, 60◦, 120◦, · · · have relatively larger
amplitudes than other directions. We also found that, in
any twist angles, u−G and G are exactly perpendicular at
the wave points with arctan(Gy/Gx) = 0
◦, 30◦, 60◦, · · · ,
and otherwise they are almost perpendicular with a few
degree shift. In the calculation, we took 21 G-points per
1/6 sector [i.e., 0 ≤ arctan(Gy/Gx) < 60◦] for twist an-
gles θ > 0.5◦, and 36 points for the two smallest angles,
θ = 0.3◦ and 0.4◦.
Using the above u−, the Hamiltonian for the relaxed
TBG is obtained by using Eqs. (23) and (24). In the
practical calculation, we expand exp[iQj · u−(r)] in Eq.
(23) back to the k-space representation Eq. (17), and
diagonalize the Hamiltonian in k-space bases. The ma-
trix element is expressed in power of |Qj · u−G| as in Eq.
(13), and the higher harmonics quickly decay provided
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FIG. 2. (a) The k-space map of the Fourier components iu−
G
at θ = 0.817◦. The grid points represents G’s and the length
of arrows is proportional to |u−
G
|. (b) Logarithmic plot of
|u−
G
| (in units of graphene’s lattice constant, a) as a function
of the twist angle, where the numbers specify the different
G vectors indicated in (a). Gray lines are for additional G
vectors taken only for θ = 0.3◦ and 0.4◦.
that |Qj · u−G| is much smaller than 1. This condition
is well satisfied in the twist angles studied here, since
|Qj | = 4π/(3a) and |u−G| < 0.1a as seen in Fig. 2(b).
Figure 3 presents the calculated band structures of re-
laxed TBGs at twist angles (a) 1.47◦, (b) 1.05◦, and (c)
0.817◦. In each row, the left panel is the band struc-
ture calculated by the original tight-binding model with
the hopping function of Eq. (6), where solid black and
dashed pink lines are the energy bands with and without
lattice relaxation, respectively, and we shifted the origin
of the energy axis to the band touching points at K¯ and
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FIG. 3. Band structure of relaxed TBGs of (a) θ = 1.47◦, (b) 1.05◦, and (c) 0.817◦. The left panel is calculated by the original
tight-binding model, where dashed pink lines are the energy bands without lattice relaxation. The middle and right panels are
by the continuum model with the constant interlayer matrix U and that with a linear k-dependence in U , respectively (see the
text).
7K¯ ′. The middle panel presents the energy band of re-
laxed TBGs obtained by the continuum model of Eqs.
(23) and (24).
We see a nice agreement between the tight-binding
model and the continuum model, while also notice that
a slight asymmetry between the electron side and hole
side in the tight-binding result is ignored in the contin-
uum model. Actually, it was recently shown that the
electron-hole asymmetry can be taken into account by
including k-linear term in the interlayer coupling.24,43,44
Our original expression for the interlayer matrix element
Eq. (10) depends on the position of initial k through Q,
but the k-dependence is dropped by replacing Q with
constant Qj in Eq. (23). In the right panels, we show
the band structure calculated by the original Eq. (10)
with k-dependence included in the linear order, where
we actually see that the electron-hole asymmetry is re-
stored.
The role of the displacement vector can be understood
by expanding the Hamiltonian in powers of the displace-
ment vectors. Within the first order in u−, the interlayer
matrix U of Eq. (23) is written as
UX′X(r) ≈ t0
3∑
j=1
M jX′Xe
iδkj ·r
(
1 + iQj ·
∑
G
u−Ge
iG·r
)
,
(31)
By only taking the six dominant components of u−G [Fig.
2(a)], we have
U =
(
UAA UAB
UBA UBB
)
≈
(
t t′
t′ t
)
+
(
t t′ω−ξ
t′ωξ t
)
eiξG
M
1 ·r
+
(
t t′ωξ
t′ω−ξ t
)
eiξ(G
M
1 +G
M
2 )·r + · · · , (32)
where
t = t0(1− 2α), t′ = t0(1 + α/2), (33)
α =
2π√
3
u1
a
, (34)
and u1 is the absolute value of the leading u
−
G, plotted as
curve 1 in Fig. 2(b). We see that the in-plane distortion
enhances the off-diagonal elements (AB and BA) while
suppresses the diagonal elements (AA and BB) in the
U matrix. This is interpreted as a consequence of the
lattice relaxation, which maximizes the AB/BA-stacking
area while minimizes the unfavorable AA/BB-stacking
area.
Interestingly, a similar Hamiltonian with t < t′ was
also obtained by considering the out-of-plane distortion
only.25 In this case, the diagonal terms is reduced be-
cause the interlayer spacing at AA region is elongated
and the local interlayer coupling is reduced. In the band
structure, the difference between t and t′ is responsible
for the gap opening between the flat band and the ex-
cited bands25,51,52, and this is also true in the present
case with the in-plane distortion, as shown in Fig. 3.
IV. ELECTRON-PHONON INTERACTION IN
THE RELAXED TBG
A. Quantized moire´ phonons in TBG
Here we derive the Hamiltonian of moire´ acoustic
phonons in the relaxed TBG, by quantizing the classi-
cal motion of the lattice vibration.32 The interaction be-
tween the quantized phonons and the electronic system
will be argued in the next subsection.
We consider a long-wave, in-plane lattice vibration
specified by the displacement vector, u
(l)
A = u
(l)
B =
u(l)(r, t) for layer l = 1, 2. We again assume u
(l)
z = 0.
The Lagrangian of the system is given by L = T − (UE+
UB) as a functional of u
(l). The term T is the kinetic
energy due to the motion of the carbon atoms,
T =
2∑
l=1
∫
ρ
2
[
u˙(l)2x + u˙
(l)2
y
]
d2r, (35)
where ρ = 7.61×10−7 kg/m2 is the area density of single-
layer graphene, and u˙i represents the time derivative of
ui. The UE is the elastic energy of strained TBG given
by48,53
UE =
2∑
l=1
∫
1
2
{
(λ + µ)(u(l)xx + u
(l)
yy)
2
+µ
[
(u(l)xx − u(l)yy)2 + 4(u(l)xy)2
]}
d2r, (36)
where λ ≈ 3.25 eV/A˚2 and µ ≈ 9.57 eV/A˚2 are
graphene’s Lame´ factors54,55, and u
(l)
ij = (∂iu
(l)
j +
∂ju
(l)
i )/2 is strain tensor. The UB is the registry-
dependent inter-layer binding energy20,32,
UB =
∫
d2r
3∑
j=1
2V0 cos[G
M
j · r+ a∗j · (u(2) − u(1))],
(37)
where a∗3 = −a∗1 − a∗2, and GM3 = −GM1 −GM2 . The dif-
ference between the binding energies of AA and AB/BA
structure is 9V0 per area, and this amounts to ∆ǫ =
9V0SG/4 per atom where SG is the area of graphene’s
unit cell. In the following calculation, we use ∆ǫ = 0.0189
(eV/atom) as a typical value12,56.
The Lagrangian L can be separated into the interlayer
symmetric part and asymmetric part, which are associ-
ated with u± = u(2)±u(1), respectively. Since the inter-
layer binding energy UB only depends on u
−, the moire´
interlayer coupling only affects the motion of u− while
leaving u+ unchanged from the intrinsic graphene.32 In
8the following, we only consider u− sector of the La-
grangian. We consider a small vibration around the re-
laxed state, i.e.,
u−(r, t) = u−0 (r) + δu
−(r, t). (38)
Here u−0 (r) is the static relaxed state to minimize UB +
UE , which was argued in Sec. III, and δu
−(r, t) is a per-
turbational vibration around u−0 . We define the Fourier
transform
u−0 (r) =
∑
G
u−0,Ge
iG·r, (39)
δu−(r, t) =
√
1
S
∑
q
δu−q (t)e
iq·r, (40)
where G = m1G
M
1 + m2G
M
2 , and the factor
√
1/S is
required to normalize the phonon operators introduced
later.
We rewrite the Lagrangian in terms of u−0 and δu
−,
and expand it into a series of δu− within the second or-
der. The relaxed state u−0 can be obtained by the varia-
tional principle [δ(UE+UB)/δ(δu
−)] = 0.20 We introduce
the canonical momentum
δp−q =
∂L
∂δu−q
= ρr δu˙
−
−q, (41)
where
ρr =
ρ
2
(42)
is the reduced mass for the relative motion. The Hamil-
tonian H =
∑
q δp
−
q · δu−q − L can be written as
H =
∑
q∈MBZ
[∑
G
1
2ρr
δp−†q+G · δp−q+G
+
∑
G,G′
1
2
δu−†q+G′Dˆq(G
′,G)δu−q+G
]
, (43)
where G and G′ run over the moire´ reciprocal lattice
vectors m1G
M
1 +m2G
M
2 , and MBZ represents the first
moire´ Brillouin zone spanned by GM1 and G
M
2 . Here we
use
∑
q fq =
∑
q∈MBZ
∑
G fq+G for arbitrary function
fq. The Dˆ is the dynamical matrix given by
Dˆq(G
′,G) =
1
2
Kˆq+GδG,G′ + VˆG′−G, (44)
where
Kˆq =
(
(λ+ 2µ)q2x + µq
2
y (λ+ µ)qxqy
(λ + µ)qxqy (λ+ 2µ)q
2
y + µq
2
x
)
,
VˆG = (−2V0)
3∑
j=1
hjG
(
a∗jxa
∗
jx a
∗
jxa
∗
jy
a∗jxa
∗
jy a
∗
jya
∗
jy
)
, (45)
Here a∗jµ is the µ component of a
∗
j , and h
j
G is defined by
cos
[
GMj · r+ a∗j · u−0 (r)
]
=
∑
G
hjGe
iG·r. (46)
For each q in MBZ, the eigen modes can be found by
the secular equation,∑
G′
Dˆq(G,G
′)Cn,q(G
′) = ρr ω
2
n,qCn,q(G), (47)
where n is the mode index, ωn,q is the eigen frequency,
and Cn,q(G) = (C
x
n,q(G), C
y
n,q(G)) is the eigenvector
normalized by
∑
G |Cn,q(G)|2 = 1. By applying a uni-
tary transformation,
δu−q+G =
∑
n
Cn,q(G)δu˜n,q,
δp−q+G =
∑
n
C∗n,q(G)δp˜n,q, (48)
the Hamiltonian Eq. (43) is written as a diagonal form
H =
∑
q∈MBZ
∑
n
1
2ρr
δp˜†n,qδp˜n,q +
ρr
2
ω2n,qδu˜
†
n,qδu˜n,q.
(49)
We introduce the canonical quantization by
[δu˜n,q, δp˜n′,q′ ] = i~δn,n′δq,q′. We define the phonon
creation and annihilation operators a†n,q, an,q by
δu˜n,q =
√
~
2ρrωn,q
(an,q + a
†
n,−q)
δp˜n,q = i
√
ρr~ωn,q
2
(a†n,q − an,−q), (50)
which satisfies [an,q, a
†
n′,q′ ] = δn,n′δq,q′ . Finally, the
Hamiltonian becomes
H =
∑
q∈MBZ
∑
n
~ωn,q
(
a†n,qan,q +
1
2
)
. (51)
B. Electron-phonon matrix elements
The electron phonon interaction is contributed by the
interlayer part and the intralayer part, where the former
originates from the change of the moire´ pattern and the
latter from the strain-induced pseudo vector field. The
interlayer part is obtained by replacing Eq. (23) with
u− = u−0 + δu
− and taking the first order in δu−. As
we consider the long-range phonons here, the electron
phonon scattering occurs only within a single valley ξ.
The change in the interlayer Hamiltonian Eq. (23) is
written as
δUX′X(r) = t0
3∑
j=1
M jX′X exp[iQj · u−0 (r) + iδkj · r]
× [iQj · δu−(r, t)], (52)
9By using Eqs. (40), (48) and (50), δu− can be expressed
in terms of the phonon operators as,
δu−(r, t) =
√
1
S
∑
q∈MBZ
∑
G
δu−q+Ge
i(q+G)·r
=
∑
n,q∈MBZ
∑
G
Cn,q(G) e
i(q+G)·r
×
√
1
S
~
2ρrωn,q
(an,q + a
†
n,−q). (53)
Finally, the matrix element for the interlayer part of
electron-phonon coupling is written as
〈k′, X ′, 2|He-p|k, X, 1〉 = 1
S
∫
d2rei(k−k
′)·rδUX′X(r)
=
1√
S
∑
n,q∈MBZ
(an,q + a
†
n,−q) gn,q(k
′, X ′, 2;k, X, 1),
(54)
where the electron-phonon coupling strength gn,q is given
by,
gn,q(k
′, X ′, 2;k, X, 1)
= t0
√
~
2ρrωn,q
3∑
j=1
M jX′X
∑
G
iQj ·Cn,q(G)
× 1
S
∫
d2r ei(k−k
′+δkj+q+G)·reiQj ·u
−
0 (r). (55)
On the other hand, the change in the intralayer Hamil-
tonian Eq. (25) is
δHl = −ev
[
R(±θ/2) δA(l)
]
· (ξσx, σy), (56)
where ∓ is for l = 1 and 2, respectively, and δA(l) is the
shift of the pseudo vector field Eq. (26), or
δA(l) = ξ
3
4
βγ0
ev
√
1
S
∑
q
Wˆqδu
(l)
q e
iq·r, (57)
where Wˆq is defined in Eq. (29). When we consider the
interlayer asymmetric modes, we have δu
(l)
q = ∓δu−q /2
with ∓ for l = 1 and 2, respectively. We again use Eqs.
(48) and (50) to write δA(l) in terms of the phonon op-
erators. The intralayer part of electron-phonon coupling
is finially written as
〈k′, X ′, l|He-p|k, X, l〉 ≡ 1
S
∫
d2rei(k−k
′)·r(δHl)X′X
=
1√
S
∑
n,q∈MBZ
(a†n,q + an,−q) gn,q(k
′, X ′, l;k, X, l),
(58)
where
gn,q(k
′, X ′, l;k, X, l) = ±ξ 3
8
βγ0
√
~
2ρrωn,q
×
∑
G
[
R(±θ/2)Wˆq+GCn,q(G) · (ξσx, σy)
]
X′,X
× δk+q+G,k′ , (59)
where ± is for l = 1 and 2, respectively.
In the following, we numerically calculate the electron-
phonon coupling for the lowest bands in TBG. The eigen-
states of TBG is written as
|α,k〉 =
∑
GXl
Fα,k(G, X, l) |k+G, X, l〉, (60)
where α is the band index and k is the Bloch vector in
MBZ. The electron-phonon coupling is expressed in the
eigenstate basis as
He-p =
1√
S
∑
nαα′
∑
qkk′∈MBZ
(a†n,q + an,−q)c
†
α′,k′cα,k
× gn,q(α′,k′;α,k), (61)
where c†α,k and cα,k are creation and annihilation opera-
tors, respectively, of an electron in the state |α,k〉, and
we defined
gn,q(α
′,k′;α,k) =∑
GXl
∑
G′X′l′
gn,q(k
′ +G′, X ′, l;k+G, X, l)
× F ∗α′,k′(G′, X ′, l′)Fα,k(G, X, l). (62)
The coupling strength gn,q(α
′,k′;α,k) becomes non-zero
only when k′ = k+ q+G with moire´ lattice vector G.
To characterize the electron-phonon coupling strength
in the low-lying bands, we define the averaged coupling
amplitude g¯n as
g¯2n ≡
1
Nq
∑
q∈MBZ
1
4
∑
α=±
∑
α′=±
|gn,q(α′, K¯+ q;α, K¯)|2,
(63)
where K¯ is the position of the moire´ Brillouin zone cor-
ner K¯, Nq is the number of sampling points of q in the
MBZ, which is taken as 27 in this work. The band indexes
α = ± represent the lowest electron band and hole band,
respectively, in a single valley and spin sector, which cor-
respond to the nearly-flat bands at the magic angle TBG.
The factor 1/4 averages the four different processes from
α = ± to α′ = ±. Here we take K¯ as the reference point,
while the quantitative behavior does not depend on its
choice.
Figure 4 presents the plots of g¯n as a function of the
phonon band index n calculated for different twist an-
gles. The red and blue curves are the intralayer [Eq. (59)]
and interlayer [Eq. (55)] contributions, respectively, and
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FIG. 4. Plots of g¯n as a function of the phonon band index n in different twist angles. Red and blue curves are the intralayer
[Eq. (59)] and interlayer [Eq. (55)] contributions, respectively, and the black curve is the total amplitude.
the black curve is the total amplitude. Here the unit
of the vertical axis is taken as γ0
√
~/(2ρrvphLM ) where
LM is the size of the moire´ unit cell and vph is the typ-
ical phonon velocity of monolayer graphene. We take
vph =
√
µ/ρ ≈ 1.4×104 m/s, which is the velocity of the
transverse acoustic phonon modes.
In large twist angles (θ >∼ 5◦), we see that g¯n decays
quickly in n. There the superlattice hybridization is week
in the low-energy region, so that each of electron and
phonon eigenstates is dominated by a monolayer eigen-
state with a single wave component. Then the phonons
of large n’s (mainly composed of high q) do not have rel-
evant matrix elements in the low-lying electronic states
(composed of low k’s), and this is the reason for the quick
decay of g¯n. The electron-phonon coupling in this regime
is approximately given by
gq ∼ γ0
√
~q
2ρrvph
, (64)
which is obtained by using ωn,q ∼ vphq and Wˆq+G ∼ q
in Eq. (59). In the calculation of g¯n, the wavenumber q is
averaged in MBZ (of the size ∼ 1/LM ), so the magnitude
of g¯n is roughly given by γ0
√
~/(2ρrvphLM ), which is the
vertical unit in Fig. 4.
In low twist angles, on the other hand, the wave func-
tions spread over different G’s in the momentum space
due to the moire´ superlattice hybridization, and then the
phonon modes in large n are able to couple the low-lying
electronic states. This is observed as a long tail in Fig. 4.
In this regime, the typical order of magnitude of Wˆq+G is
given by the momentum-space distribution range of the
electronic states, which is of the order of
∆q ∼ t0
~v
. (65)
The phonon frequency ωn,q is of the order of vph/LM ,
considering the band folding of the linear phonon
dispersion.32 As a result, the characteristic magnitude
of the intralayer electron-phonon coupling, Eq. (59), be-
comes
g(intra)n,q ∼ γ0
√
~LM
2ρrvph
∆q. (66)
Since LM ∝ θ−1, the overall amplitude of g(intra)n,q in-
creases in decreasing the twist angle θ, and this is ac-
tually observed in Fig. 4.
The magnitude of the interlayer electron-phonon cou-
pling Eq. (55) is estimated as
g(inter)n,q ∼ t0
√
~LM
2ρrvph
1
a
, (67)
where we noted that Qj is of the order of 1/a. The rel-
ative magnitude of interlayer part to the intralayer part
is
g
(inter)
n,q
g
(intra)
n,q
∼ t0(1/a)
γ0∆q
∼ 1
γ0
~v
a
≈ 0.8. (68)
In Fig. 4, we actually see that the two components have
comparable magnitudes, while the interlayer contribution
is always smaller about by a factor ∼ 2.
C. Phonon-mediated electron-electron interaction
The phonon-mediated electron-electron interaction is
written as
He-e =
1
S
∑
σσ′
∑
αα′ββ′
∑
qkk′∈MBZ
c†β′k′−qσ′c
†
βk+qσcαkσcα′k′σ′
× U (σ,σ′)e-e (β′,k′ − q;β,k+ q;α,k;α′,k′), (69)
where σ, σ′ represent the spin-valley degree of freedom
which was omitted above, and we defined
U (σ,σ
′)
e-e (β
′,k′ − q;β,k + q;α,k;α′,k′)
=
∑
n
g(σ)n,q(β,k + q;α,k)g
(σ′)
n,−q(β
′,k′ − q;α′,k′)×
1
2
(
1
εα′k′σ′ − εβ′k′−qσ′ − ~ωn,q +
1
εβk+qσ − εαkσ − ~ωn,q
)
,
(70)
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FIG. 5. U¯e-e as a functon the twist angle θ. Black dots
are the total amplitude, and the red squares and blue trian-
gles are the intralayer and interlayer contributions, respec-
tively. Dotted curve represents the low-angle expression Eq.
(73) multiplied by the factor 0.6, and the dashed horizon-
tal line indicates the exact value in the high-angle limit, 3.8
meV · nm2.
where εαkσ is the eigenenergy of state |α,k〉 of the spin-
valley sector σ. Similar to Eq. (63), we define the aver-
aged interaction amplitude for the lowest two bands as
U¯e-e ≡ 1
Nq
∑
n,q∈MBZ
1
4
∑
α,α′=±
|gn,q(α′, K¯+ q;α, K¯)|2
−~ωn,q ,
(71)
which is obviously an attractive interaction. Here we
neglected εαkσ in the denominator to consider the small
electronic band width in the low twist angles.
We can roughly estimate the magnitude of U¯e-e using
the previous argument for the electron-phonon coupling
gn,q. In the large angle regime, we replace gn,q with Eq.
(64) and ωn,q with vphq, and obtain
U¯e-e ∼ γ
2
0
2ρrv2ph
∼ 7.6meV · nm2. (72)
In the low angle regime, Eq. (66) and ωn,q ∼ vph/LM
lead to
U¯e-e ∼ γ
2
0
2ρrv2ph
(∆q · LM )2. (73)
Here the dimensionless factor ∆q · LM is given by
∆q · LM ≈ t0
~v/a
1
θ
=
2.7
θ[degree]
. (74)
Therefore, the electron-electron interaction amplitude is
enhanced in small twist angles.
Figure 5 plots the numerically calculated U¯e-e as a func-
ton the twist angle θ, where the black dots are the total
amplitude, and the red squares and blue triangles are
the intralayer and interlayer contributions, respectively.
Here the dotted curve represents the low-angle expres-
sion Eq. (73) multiplied by a factor 0.6, and the dashed
horizontal line indicates the exact high-angle limit, 3.8
meV · nm2. As expected, the intralayer component rises
as nearly ∝ θ−2 in the low angle regime. The enhance-
ment is suddenly interrupted around 0.8◦, and it is due
to the band crossing between the lowest flat bands and
the excited dispersive bands. The interlayer contribu-
tion is also enhanced in the low twist angles while not as
much as the intralayer part, and the total amplitude of
the electron-electron interaction becomes as much as 80
meV · nm2 at θ ∼ 0.8◦. The characteristic energy scale
of the phonon-mediated interaction is given by U¯e-e/SM
where SM = (
√
3/2)L2M is the moire´ unit area. At the
magic angle θ ∼ 1◦, in particular, U¯e-e/SM is about
0.4 meV. The dimensionless parameter for the interac-
tion then becomes U¯e-eD ∼ O(1), where D is the den-
sity of states of the flat band which is typically a few
(SM ·meV)−1.25 This indicates that the phonon-mediated
interaction is strong in the nearly flat band.
V. CONCLUSION
We constructed a theoretical framework to model the
TBGs with lattice deformation and the electron-phonon
coupling. Starting from the tight-binding model, we
write down the interlayer matrix element as a function of
arbitrary lattice displacement [Eq. (10)], and then obtain
its long-wavelength continuum expression [Eq. (22)]. The
general formula Eq. (10) works for any twist angles with
arbitrary displacement vectors, and a similar theoretical
treatment would be applicable to any two dimensional
interfaces of van der Waals materials. The long-range
version, Eq. (22), has a simpler form and it is useful to
describe the low-angle TBGs with smooth lattice defor-
mation. We actually demonstrated that the lattice re-
laxation effect can be implemented into the Hamiltonian
by using Eq. (22), and the obtained model precisely re-
produces the band structure of the original tight-binding
model. Finally, we applied Eq. (22) to the phonon prob-
lem, and derived the matrix element between the elec-
trons and moire´ acoustic phonons. Finally, we numeri-
cally estimated the electron-phonon coupling and phonon
mediated electron-electron interaction for the low-energy
electronic states, and found a significant enhancement in
the low twist angles due to the superlattice hybridization.
While we focused on the long-range acoustic phonons, the
electron-phonon coupling for the short wavelength vibra-
tions (such as the optical phonons) can be described by
starting from the general formula of Eq. (10). We leave
the detailed studies of these problems for future work.
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